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Abstract

Support vector machines (SVM) are a popular method for binary linear clas-
sification problems, but applications for non-linear classification is also pos-
sible with the use of the Kernel Trick. In essence, the SVM problem is a bi-
objective optimization problem that can be solved in different ways. In this
thesis we will explore a Genetic Algorithm (GA) that can generate solutions
that are located on the Pareto Front for the SVM problem. Solutions on this
front are called pareto optimal and have the property that you can only im-
prove one of the objective functions by deteriorating at least one other objec-
tive function. The proposed algorithm with the choices that are made in this
thesis are then tested on two different datasets to asses its performance. Sen-
sitivity analysis is done on the algorithm choices in order to observe the ef-
fects on the SVM problem. And we find that the proposed GA can definitely
give good solutions to the SVM problem, but much more research needs to
be done on the algorithm choices before we can obtain the true Pareto Front.
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Chapter 1

Introduction

This thesis is about multi-objective model selection for the support vector
machine optimization problem. Multi-objective optimization, abbreviated as
MOO, is part of optimization theory in which a specific problem has multi-
ple objective functions that need to be optimized, but they might be in con-
flict with each other. Increasing the objective value of one of the objectives
might worsen the objective value of another one. To tackle this problem, we
will be looking at pareto optimal solutions. The pareto solutions form a set
called the Pareto Front and solutions in this set have the property that you
can only improve one of the objective functions by deteriorating at least one
other objective function. In the first chapter we give a short introduction
into what a support vector machine is and what its applications are. In the
second chapter we give the mathematical formulation for the support vec-
tor machine problem. In the third chapter we take a look at a more complex
variant of the support vector machine problem by introducing a second ob-
jective function and we will introduce MOO theory. In the fourth chapter
we will be looking at an algorithm to approximate the pareto front and show
what the impact of the algorithm choices are in order to select the appropri-
ate support vector machine model.

1.1 Support Vector Machines

Support vector machines (SVM) are used in machine learning to classify
data into two categories, this is called a binary classification model. SVM
are supervised learning models, this means that the model is trained on sam-
ple data together with the desired output to approximate a function. This
function can then map new unlabeled data to one of the two output classes.
Hence, the approximated function can classify unlabeled data into the two
categories.

In general, the problem we are trying to solve with SVM is the following:
Given certain data x; € R"™ and two disjoint sets A and B. We want to find
the decision rule that classifies z; into either set A or set B. We do this by



separating all z; with a (n — 1)-dimensional hyperplane such that all vectors
that belong to set A are on one side of the hyperplane and all vectors that
belong to the set B are on the other side of the hyperplane. After we have
trained the model with our training data, we can classify new unlabeled data
with the hyperplane as the decision boundary, meaning that new data x; will
be classified into one of the two sets depending on the relative position to
the hyperplane. For example, in 2-dimensional space, this means that the
new data z; will belong to set A if the point is above the hyperplane and
new data z; will belong to set B if the point is below the hyperplane.

The construction of the SVM strongly depends on the training data that we
use. We can have three different types of training data X. Data in which we
can draw a hyperplane that separates the two sets, as shown in figure .
Data in which we can draw a curve that separates the two sets, as shown in
figure . And data which is not separable into two disjoint sets, as shown

in figure (1.3)).
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Figure 1.3: Not separable

Now comes the question, where do we draw the hyperplane H, this can be
done in many different ways as shown in figure [I.4, All are valid decision
boundaries, but some might be better. To determine which hyperplane we
should use, we look at the generalization error of the model. The general-
ization error is the ability of the model to predict the class of new data. We
want to set H such that the distance to the closest two datapoints of the
two sets is maximum, this distance is called the margin. Determining H in
such way implies that the distance between the two sets is maximum and
such hyperplane is called a maximum-margin hyperplane.
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Figure 1.4: Possible locations for H



We also define two other distinct hyperplanes S, and Sg, which will be called
the support vectors of set A and B respectively. These hyperplanes are par-
allel to H and both have the same distance v from H.

1.2 Applications of SVM

Support vector machines are a popular technique for (non) linear binary
classification. Which has many applications. For example, SVM can be used
in text categorization. Sorting vast amounts of text documents into prede-
fined categories can reduce the retrieval time for users in large databases

and help users find similar documents (Basu, Walters, & Shepherd|, 2003)).
Another application of SVM is the recognition of handwritten digits, and
specifically strings of handwritten digits. Which is generally harder than
single digit recognition because of overlapping digits or the fact that there

is an unknown number of digits in the string (Oliveira & Sabourin) 2004).
Support vector machines can also be used for facial expression recognition,
which can be used to determine a persons inner emotions or intentions. (Doiphode
& Sapkal, [2018)) Multiple papers have been written about improving the
complexity and precision of the SVM, namely genetic algorithms such as
nondominated sorting genetic algorithm II , that has shown in simulations

to be more precise than conventional approximation methods. (Yuan & Jian-
gang), 2005))



Chapter 2

Linear separable SVM

In this chapter, we will only consider training data that can be linearly sepa-
rable by a hyperplane as shown in figure (1.1]).

2.1 Model Formulation

Let H : w7z 4+ b = 0 be the decision boundary
Let X denote the training data consisting of vectors z, ..., z,

Then for each x; € X we can calculate the distance d; from the decision
boundary H with:

Let y; be such that
i = 2.2

We define the margin v; of x; € X as
Yi = yi(wTz; + b) (2.3)

Now we can define the closest vector to the hyperplane H as v = min ;
7

We want to find a hyperplane such that v will be maximum, hence this will
be our objective function. The only constraint we have is that all margins of
our training data x; should be larger than the margin of the vector that is
closest to H. So the model becomes:

max Y (2.4)
¥,w,b
s.t. yi(wTz; +b) >~ Vi (2.5)

This formulation still has a problem, if we scale w with a constant a € R in
(12.3) we get:

yi((aw)Tz; +b) = yi(awTx; + b) = ay;(wTx; + b) = a;

7



Hence, if we scale w with a constant a € R, then the margin changes to av;.
And this will also affect v, which is the objective value of our model. So the
current optimisation model will scale w to obtain a higher objective value.
To prevent this, we use the normalised w in the calculations for the margins
by substituting w = le”—n into the model. This means that the norm of w will
always be equal to one.

The two support vectors are now defined as S4 : wz +b = 1 and Sp :

wTz + b = —1, because we normalized w. Then the followings holds:
wlz; +b>1 Ve, € A (2.6)
wlx; +b< -1 Vz; € B (2.7)
Substituting y; from equation (2.2)) in (2.6 and (2.7) results in:
yi(wle; +0) > 1 Vr; € X (2.8)
8
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Figure 2.1: SVM example

Assume we have two points x; on Sy and x5 on Sp as shown in figure
Then 1 = 29 + 2’yH
We also know from the definition of S4:

wlzy +b=1 (2.9)

Then substituting x1 = x5 + 27||Zj—” in 1} results in:

w
wT (9 +2’ym) +b=1
wx2+b+2fy|| ” =1
wTw
—142 =1
]



Jwll _ 1

i e e —
7wt ]

From optimization theory we know that maximizing v is equivalent to min-
imizing [|w|| which is equivalent to minimizing %||w|[*>. Now the model be-
comes:

. 4 2
min 511wl (2.10)
s.t. yi(wTz; +b) > 1 Vi (2.11)

This model is called SVM with hard constraints.

2.2 Evaluating the model

We can evaluate the model using cross-validation. Typically this means that
you divide the data X into two parts, the training set and the validation set.
First you train the SVM model using only the training data, and then you
evaluate the model using only the validation set. Cross validation is used to
test the ability of the model to predict the unseen data. To visualize this we
use the confusion matrix:

Predicted Class
Actual Class A B
A True Positive (TP) | False Negative (FN)
B False Positive (FP) | True Negative (TN)

Table 2.1: Confusion matrix

Where |A| = P and |B| = N
Then we define the following;:

sensitivity (TPR) = I;f’
specificity(TNR) = 7;\]]\[
precision(PPV) = TP?JFPFP
Fj-score = 2 x ]Jm € [0,1]

We then evaluate the model based on the Fj-score, which is a harmonic
mean of the precision and the sensitivity of the model. The higher the F1
score, the better the model is.



Chapter 3

Non linear separable data

In the previous chapter we discussed the hard margin model as formulated
below, in which we only want to maximize the margin.

: - 2
min 511wl (3.1)
s.t. yi(wTx; +b) > 1 Vi (3.2)

But now we will be considering the case in which the training data is not
separable by a linear hyperplane, as shown in figure (3.1). We still want to
draw a hyperplane through the data, but this will always cause some points
to be miss classified. We need to change the model in order to allow for miss
classifications, because constraints will not be satisfied if there is a data
point that is on the wrong side of the hyperplane H. In order to do that, we
have two assumptions to make. How do we define a miss classification and
how to penalize a miss classification.
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Figure 3.1: Not separable
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3.1 Soft margin

In order to allow for miss classifications, we first have to change the defini-
tion of the margin. In the previous chapter the margin represented the eu-
clidean distance from the closest data point to the hyperplane H. Now we
define the margin to be the euclidean distance from the pair of closest and
correctly classified data points, one from set A and one from set B both on
opposite sides of the hyperplane H, such that H sits exactly in the middle of
the pair of data points. These closest and correctly classified data points will
be called the support vectors of the model.

We will introduce a new objective for our SVM, we want to minimize the
number of miss classifications while still keeping the margin as large as pos-
sible. For now we assume that every miss classification is equally bad and
has the same penalty. We can use constraints to determine if datapoint
x; has been miss classified.

Assume that the hyperplane H has been determined.
Then if x; is correctly classified the following holds:

wlz; +b>1 Va; € A
le’l—i—bS —1 sz €eB
Hence x; is miss classified if y;(wTz; +b) < 1
Let 1; be called the 0-1 loss function which is equal to one if x; has been
miss classified, otherwise it is equal to zero.
0 = {O if y;(wTz; +b) > 1

3.5

We want to minimize the number of miss classifications, so we minimize

> ;. We also change the constraints (3.2) to

If ¢; = 0, then we know y;(wTx; +b) > 1. So (3.6) also holds VM € R.

If ¢; = 1, then y;(wTx; + b) < 1, and y;(wTz; + b) can get arbitrarily negative
depending on the severity of the miss classification. So by bounding the miss
classification distance by a number M € R. We force the model to select

w, b, such that the hyperplane is relatively close by the data and we cannot
get that y;(wTx; + b) gets arbitrarily negative.

Now the model becomes:

: Lo e
min Sllwli (3.7)
ngn > (3.8)
s.t. yi(wTz; +0) > 1 — My Vi (3.9)
i€ {0,1} Vi (3.10)

This problem formulation is a binary integer quadratic programming prob-
lem.

11



3.2 Loss functions

Our assumption to use the 0-1 loss function (3.6) is a good way to minimize
the number of miss classifications. But introducing this function brings some
problems with it. Firstly, the optimization problem is now a binary integer
quadratic programming problem, which are in generally harder to solve than
a quadratic programming problem, unless we can find some properties of
the SVM formulation that we can utilize. And more importantly, we have
no way to distinguish between the different severity’s of miss classifications,
since we assumed that all miss classifications are equal.

3.2.1 Hinge Loss

We now no longer consider that all miss classifications are equal. So we need
to change the loss function.

Let v; be called the hinge loss function which represents the euclidean dis-
tance from z; to the support vector of the corresponding set of x;. ¥; now
penalizes miss classifications that are far away from the support vector more
heavily than miss classifications that are close to the support vector.

0 if y;(wTx; +0) > 1
Y = : ,““’ zi +) 2 (3.11)
1 —yi(wTa; +0)  if y;(wTa; +0) < 1
3 I I
—— Hinge Loss
—— 0-1 Loss
2, -
e
=
=
&)
A
1 -
O* | | i i

|
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yi(wTx; +b)

Figure 3.2: Different Loss functions

We can rewrite into ¢; = max{0,1 — y;(wTz; + b)}, which means
that our loss function is no longer binary and it is also convex. So if we use
the hinge loss function, we no longer need to solve an integer optimization
problem. Now . v; no longer represents the total number of miss classified
points, but it represents the total distance from all miss classified points to
the support vectors. We now also do not need M € R in order to control

12



the constraints (3.6)). Since 1; will become arbitrarily large if y;(wTx; + b)
becomes very negative. So the model becomes:

. 1 5
min Sllwli (3.12)
n%in > (3.13)

3.2.2 Exponential Loss

We also consider the exponential loss function, since the hinge loss function
is not differentiable at y;(wTx; + b) = 1. So it cannot be used with the meta

heuristic technique Gradient Descent.
Let 1; be called the exponential loss function which indirectly grows propor-

tional to the euclidean distance from z; to its support vector. So this loss
function really penalizes miss classifications that are far away from the corre-

sponding support vector, but it is really sensitive to outliers.

o = e vilwTaitd) (3.15)

3
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—— 0-1 Loss
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Figure 3.3: Different Loss functions

Unfortunately, >, v; no longer has a geometric meaning. But we still want
to minimize the sum. So the model becomes:

: Lo e
min 5 llwll (3.16)
s.t. yi(wTz; +0) > 1 — Vi (3.18)
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3.3 Multi-objective Optimization

We now need to combine the objective functions into one, which might be
problematic if the two objectives are conflicting with each other. For exam-
ple, improving one of the objectives might deteriorate the other objective.
Combining the objective functions can be done in many different ways, but
first a few definitions. We also assume that all objective functions need to be
minimized, as is the case with our current SVM model.

Let F be the set of feasible solutions. Then a generalized model becomes:

fi(z)
min F(x) = : (3.19)

fo(@)
s.t. reF (3.20)

Where F': R® — RP

Definition 3.3.1 (Dominance).
Consider x1,x9 € F. 1 is dominating x, if
x1 is always better or equal than x5 in any objective

filz) < filwy) Vi=1,.,p

x7 is strictly better than z, in at least one objective

Notation: x; dominates zo: F(z1) < F(x9).

Definition 3.3.2 (Pareto Optimality). x* € F is pareto optimal if it is not
dominated by any other x € F
o€ Fst. F(x) < F(x¥)

Definition 3.3.3 (Weakly Pareto Optimality). z* € F is weakly pareto
optimal if

breFst.Vi=1,..,p: fi(z)< fi(z")
Then the pareto optimal set

Pr={zecF | PrecF:F(z)<F(z")} (3.21)
And the pareto front

PF*={f(z*) | xe€ P} (3.22)

14
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Figure 3.4: Example of Pareto front

We now have two spaces that we will be looking at, the feasible solution
space which represents the decision variables x and we have the objective
space which represents F'(x). For the sake of simplicity we say that a solu-
tion z* to the optimization problem includes the optimal decision variables
x and the optimal objective value F'(z). We want to find a solution z* to
the optimization problem that are located on the pareto front, we want that
x* € PF* so we can call * the optimal solution to the multi-objective op-
timization problem. z* might not be an unique solution as shown in figure
(3.4), all solutions that are on the pareto front are optimal with respect to
the multi-objective optimization problem.

20 :
—— Pareto Front
15+ -
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Figure 3.5: Multi-objective algorithms
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Ideal multi-objective algorithm

Generally speaking, there are two goals that any multi-objective optimiza-
tion algorithm should take into consideration.

1. Convergence to the pareto optimal front
2. Maintaining a diverse distribution on the pareto front

Looking at figure . Assume that an algorithm produced a set of solu-
tions that is represented by the green line in the figure. We see that this line
is nicely distributed in the feasible region, but no point on the line is close to
the pareto front, so no point is close to being pareto optimal. Now assume
that another algorithm produced a set of solutions that is represented by the
yellow line, we see that this line converges to the pareto front, so the points
are all pareto optimal, but they are all concentrated on a small part of the
pareto front. So both the green and yellow line are not good to represent the
pareto front.

A fundamental difference between single and multi objective optimization is
the number of optimal solutions. After all, the user that uses an MOO algo-
rithm only needs one solution. But we have shown that in the case of MOO
their might exist more than one pareto optimal solution to the problem.
Now the question arises, which solution to choose from this pareto optimal
set. The answer to this question is non-trivial, "It involves higher-level infor-
mation which is often non-technical, qualitative and experience-driven'(Deb)
2001)). For this reason we will only be looking at finding the pareto optimal
set by considering that all objective functions are important. And after such
set of trade offs has been found, the user can use the higher-level information
to make a choice from this set.

16



3.3.1 Parametric methods

With parametric methods we find pareto optimal solution by computing
many single objective optimizations, and each time we only find one pareto
optimal solution. This is achieved by converting the multiple objectives into
a single objective with some parameters, and by changing the parameters
we can obtain different pareto optimal solutions. Below we will discuss the
weighted sum parametric scalarizing approach.

Weighted Sum approach

Consider the SVM problem, where we only have two objective functions to
minimize. The most intuitive way to combine the objective functions into
one, is to use a linear combination of the objective functions using weights.
We give each objective function f; a weight w; € R. Then the objective func-

tion F' in ((3.19)) becomes:
F(z) = wi fi + w2 f

Where f; corresponds to (3.7) and fy corresponds to (3.8)).

This represents a straight line with the slope 1. Minimizing F' results in
dragging this line over the feasible region F until this line is at the boundary
of F while still on the pareto front as shown in figure (3.6)).

20 ‘
—— Pareto Front

15|
)
& 10}
&
5 [
0 | | |
0 5 10 15 20

i (min)
Figure 3.6: Example of Pareto front

Given a set of weights, the weighted sum approach gives us a pareto optimal
solution to the SVM problem. But in general there are some difficulties with
this approach. We still need to pick the weight ourselves, and we might not
find all pareto optimal solutions if the feasible region is not convex. As can
be seen in figure , all solutions on the pareto front between points A
and B cannot be reached with the weighted sum approach no matter what
weights we pick.

17
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Fortunately, the SVM problem has a convex feasible region, since the con-
straints that corresponds to the SVM problem are linear in the unknowns.

3.3.2 Standard SVM

Now we will consider the Standard formulation by using the weighted sum
approach with weights w; = 1 and ws = A. This is a very popular way of
describing the SVM problem, where we can choose a number of different loss
functions (Yuan & Jian-gang, [2005)).

Then our optimization problem becomes:

. 1 9
min S llwll ‘*')\Zi:wi (3.23)

¢ € {0,1} Vi (3.25)

Where 1); is the 0-1 loss function defined in (3.5)).

With this formulation the A is now a control parameter, which controls the
margin of the model. Increasing the A results in a lower margin, and de-
creasing A results in a higher margin.

Case 1: A =

The objective function is increasing in the value of A, so increasing A in-
creases the objective value. But we want to minimize the objective function.
So if we increase A we can only get a lower objective value by lowering the
loss function 1 as defined in . This can be done by changing the hy-
perplane such that more data points are correctly classified. If we want to
decrease the number of miss classified points, we have to select a data point

18



that is in between the current support vector and the hyperplane to be the
new support vector and thus be correctly classified. And since the hyper-
plane is always in the middle of the two support vectors from each set, this
would mean that the distance between the hyperplane and the support vec-
tor must decrease, since the new support vector is between the old support
vector and the old hyperplane. So the margin of the model would decrease,
since the margin is defined as the distance to the closest correctly clas-
sified data point and the hyperplane.

Case 2: A\ =0

The objective function is increasing in the value of A\, so decreasing A de-
creases the objective value. So if we decrease A, but we want to maintain the
same objective value, we have to increase the margin. And looking again at
our model, we want to maximize the margin. Increasing the margin can be
done by changing the hyperplane such that the distance between the support
vectors and the hyperplane is larger. A consequence of increasing the margin
is that we might increase the number of misclassified points, which increases
the objective value. So decreasing A results in a higher margin of the model.

3.3.3 Why differ from the standard

In this thesis we are looking at the entire pareto front instead of the conven-
tional formulation with weights 1 and A as discussed in chapter [3.3.2] We
do this because we want to have a method for obtaining all the pareto opti-
mal solutions instead of only one. This can be helpfull in situations in which
the user that wants to solve a SVM problem is not sure about the param-
eter choice. By giving the entire pareto front as the solution, the user does
not has to choose the specific parameters for the SVM beforehand. The user
can just pick a solution from the pareto front that the user likes, for exam-
ple a solution that has a very low number of miss classified points, and the
algorithm provides the corresponding parameters and the decision rule.

By not setting the parameters for the SVM, we enlarge the solution space
relative to the solution space of the standard SVM problem. A larger solu-
tion space or feasible region might result in better objective values, so this
approach might be able to obtain better solutions than using the standard
weighted sum approach.

19



Chapter 4

Evolutionary Multi-objective
Methods

4.1 Genetic Algorithms

Genetic algorithms (GA) are heuristics that can solve optimization problems
by using natural selection principles. The idea behind GA is that the initial
solutions are evolved into better solutions by using predefined operations.
Each solution is called a member of the population and has some character-
istics that can be manipulated by certain operations, for example, mutations
or cross-over selection between multiple solutions. Solutions in the popula-
tion are represented by an encoding scheme, for example in binary or real
numbers. These encoding schemes are used such that the cross-over or muta-
tion operations are more convenient to perform.

Usually the initial population of solutions is generated at random, and is
improved on an iterative basis. Each iteration is called a generation, and

in each generation we perform some operations on the current population
to create new solutions and then select a subset of the new population that
will go to the next iteration. This subset is determined by a fitness function
that evaluates how close a solution is to the optimal solution, for example
the objective function can be used as a fitness function. The algorithm is
terminated if a predetermined number of iterations has been reached or if
some other stopping criteria has been reached, for example, a desired fitness
value.

In each generation we need to do two things:
o Create offspring

¢ Determine the fitness of each solution

20



We can create new solutions, called offspring, by changing some of the char-
acteristics of the current solutions at random, called mutations, or by com-
bining the characteristics of two solutions into one, called cross-over selec-
tion. After we have created the offspring, we need to calculate the fitness of
each member of the population and then determine which members of the
current generation can go to the next iteration. It is commonly used to keep
the population size the same throughout every iteration. (Mitchell, |1998)

4.2 NSGA-II

Evolutionary multi-objective (EMO) methods are specialised Genetic Algo-
rithms that can find multiple pareto optimal solution in a single simulation,
by looking at multiple non-dominated and isolated solutions (Debl [2001)).
This is an improvement over the parametric methods that we discussed in
the previous chapter. Because parametric methods can only find a single
pareto optimal solution in a simulation.

We look at the Non-Dominated Sorting Genetic Algorithm (NSGA-II) pro-
posed by (Deb, Pratap, Agarwal, & Meyarivan|, 2002) as our EMO method.
We also use the dual formulation of the SVM with the 0-1-loss function in
combination with the radial basis function kernel as described in appendix
since this formulation simplifies the procedure for NSGA-II (Deb et al.|
2002). And now each solution to the SVM can be described by the parame-
ters k, A and the Lagrange multipliers «;.

The main principle in the NSGA-II algorithm is as follows (Deb et al., [2002):
1. Create offspring and a combined population
2. Rank and sort offspring based on non-dominating fronts

3. Take best members to create new population, accounting for a diverse
spread of the population in the objective space

The two goals that we want to have for an ideal MO algorithm are conver-

gence to the pareto front and a diverse distribution along this pareto

front . We want to converge to the pareto front, so we look at non-dominating
solutions, since that is a necessary condition for pareto optimality, hence
principle two of NSGA-II. And we also want to have a diverse distribution

on the pareto front, hence principle three of NSGA-II.

We let P, denote the population in generation ¢ and (); denote the offspring
in generation ¢t. Then the combined population R; = P, U (J; in generation .
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We set |P| equal to 100 in accordance with the standard setting for GA
proposed by De Jong (De Jong, 1975). And since we want that the popu-
lation size stays the same in each iteration, we need to pick 100 members of
R; that can go to the next iteration. Small population sizes can cause the
NSGA-II algorithm to converge in early iterations, this decreases the search
space of the algorithm, while large population sizes can increase the search
space and might result in better solutions. But this may increase the run
time of the algorithm.

Encoding scheme

We represent the solutions p in the following way
p=|k A g ay --- Oén] (4.1)

This row-vector contains all the characteristics of the solution. « is the pa-
rameter for the RBF kernel function as defined in (A.9)), which is a non-
negative real number. A is the parameter for the objective function, which is
a non-negative real number. And «; is the Lagrange multiplier of data point
¢, which has a value between 0 and .

Initial population

We generate 100 random sets of parameter values x € (0,100], A € [0, 100],
then for each set we must generate the Lagrange multipliers. This is done by
selecting a number between 0 and the generated A for each Lagrange multi-
plier a;. The objective function of the SVM problem and the perfor-
mance measure Fj-score can then be calculated by using the Lagrange
multipliers as explained in appendix . The 100 generated solutions are
the initial population F.

Cross-over selection

We create new solutions P, called offspring, by selecting two random mem-
bers P,; and P, from the population P, and we randomly set a € {0,1}"2.
Then we perform the following crossover

Piew=ax P14+ (1 —a)* Py (4.2)

Where ¢ is a column vector consisting of only ones. This operation means
that the new solution P, has on each column either the value of P, or the
value of P, .

We create 100 new solutions such that ¢); has a size of 100. We choose 100
because then we have doubled our population which is in accordance with
the standard setting for GA propsed by De Jong (De Jong, 1975). We now
have a new population R; = P, U ); of size 200, which we need to rank and
select half to advance to the next iteration.

22



Mutation

The standard for genetic algorithms is to enlarge the solution space as much
as possible in the early iterations to escape local optima, but at the end of
the simulation, we should have convergence to the pareto front. Hence at
the end of our simulation we do not want to introduce too much random-
ness with the mutations. So the mutation probability should be a decreasing
function in the iteration counter t. Thus we set the mutation probability as:

1
Pmutation = 0.3 * ; (43)

Then for each solution in R; we draw a random number from the uniform
distribution UNIF(0,1). If that drawn number is greater than the puutation,
we mutate nothing. If the drawn number is smaller or equal, we change the
value of the characteristic to a random number accounting for the conditions
that were set on the characteristics in subsection (4.2)). Performing the mu-
tation operation in this way implies that the probability of a mutation is

equal to Pmutation -

Determine fitness with non-dominating sorting

After the offspring has been made, we will sort R; based on non-dominating
fronts, which is in line with the second principle of our algorithm . This
means that we will group every solution in R; based on the non-dominating
property (3.3.1)), as can be seen in figure (4.1)). For example, all of the green
dots are dominated by the red dots, and all of the red dots are dominated by
the blue dots, but all dots with the same colour do not dominate each other.
Set F) forms a pareto front, while F; forms a pareto front if you remove F},
and F3 form a pareto front if you remove F; and F,. The procedure to sort
the population R; is given in appendix

.F].
60 | n [ [
| | F3
= 40w .
E u "
o .
|
20 | -
| |
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0 \ = \
0 5 10 15 20

f1 (min)

Figure 4.1: Non-dominating sorting
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Determine fitness with crowding Distance Sorting

After we have sorted the population R; based on non-dominating sorting, we
rank the solutions based on the highest crowding distance (Deb et al., 2002).
We do this because we also want that our solutions are distributed along
the entire pareto front, and not clustered together on a small portion of the
pareto front.

The crowding distance of solution 7 represents a square that is formed around
the two nearest other solutions, ¢ — 1 and 7 4+ 1 as can be seen in figure .
And the crowding distance can be seen as the area of this square. Large val-

ues of the crowding distance imply that the solution is not close to any other
solution. So picking the solutions with the highest crowding distance gives us
solutions that are nicely distributed in the objective space, which is the third
principle of NSGA-II . The procedure to sort the population R; is given

in appendix

P
2|y .
| =
.
Cuboid
SN
I ]- )
b= |
i+1 .

Figure 4.2: Distance Sort (Deb et al., 2002)
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After we have calculated the fitness and ranked the population R;, we can
decide which solutions in the population can proceed to the next iteration.
As can been seen in figure , first we rank the population R; based on
the non-dominated sorting principle, we then go through the groups, starting
in I, and add it to the next iteration unless there is no more space. Which
happens if adding a group results in more than 100 members in P, . If this
happens then we look at the crowding distance value for each solution in the
group that doesn’t fit, for example F3. We then select the solutions in Fj
with the highest crowding distance value until the population P;,; has 100
members.

Non-dominated Crowding
sorting distance
sorting
F, - R
Pt F, &=

} = Rejected
4

Figure 4.3: NSGA-II Procedure (]Deb et al.|, |2002[)

Stopping Criteria

We stop the simulation after 100 iterations in accordance with the standard
setting for GA propsed by De Jong (De Jong, |1975)).
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4.3 Numerical Experiments

The experiment was performed in the following way
o load data or generate data depending on the dataset used.
e divide the data into the training and the validation set.

o perform the NSGA-IT algorithm as described in section (4.2]) on the

training set.

o compute the performance measure F}-score with the training set.

4.3.1 Data

The data used is a combination of user generated data and existing data
that can be found online. The user generated data is called Normal. The
normal dataset is comprised of five dimensional vectors for which each en-
try is generated from a normal distribution. Where data points from set A
are i.i.d from N(20,20) and data points from set B are i.i.d. from N(50,20).
This data does not represent anything in the real world. In total there are
10000 data points in this data set.

The other data, called UC Irvine, was retrieved from the UC Irvine Machine
Learning Repository, this dataset represents default payments of credits
cards from customers in Taiwan in 2005 (Yeh) 2016). Where the goal is to
predict if a given customer is going to default on its payments or not. Each
customer has the following information

e Y € {0,1}: defaulted on payments (0=no, 1=yes)

o X1: customers credit in NT dollars

o X2: gender

o X3: education

o X4: material status

o Xb5: age in years

o X6-X11: history of past payments in NT dollar

o X12-X17: amount of bhill statements

o X17-X25: amount of previous payments in NT dollar

In total there is data from 30000 customers in the set. With no missing data
entries.
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4.3.2 Computer specifications

CPU AMD Ryzen 5 1600 6 core processor
Clock speed 3.20 GHz
RAM 16 GB @1067 MHz
Python version 3.10.5
Pygurobi version 10.0.3
Numpy version 1.23.1

Table 4.1: Computer Specifications

Note: Python does only use a single core.

4.3.3 Results

’ Data Set \ size \Validation size | iterations | Fj-score | runtime (seconds) \ ﬁgure‘

Normal | 3000 300 100 0.632 279 C.5
Normal | 3000 300 100 0.684 612 C.6
UC Irvine | 3000 300 100 0.448 1368 C.8
UC Irvine | 3000 300 100 0.492 1473 C.9

Table 4.2: results of NSGA-II algorithm

In table some of the results can be seen. The Data Set column says
which data as described in section (4.3.1]) is used. The size column is the
amount of data points that is used for training. The validation size is the
amount of data points that is used for the performance measure. The train-
ing and validation sets are disjoint sets, so there is no overlap. The iterations
column is the amount of generation there were run, which is the stopping
criteria of the algorithm. The F}-score is the average of all the Fj-scores of
every solution in the last generation. the runtime is the amount of seconds
that the algorithm took to finish, this does not include loading the dataset
and splitting the data into a training and validation set, only the time it
took for the NSGA-IT algorithm and the performance measure to be com-
puted. The figure column points to the corresponding figure in the appendix,
again the Fj-score in the figures is the average of the Fi-scores of all the so-
lutions in the generation t. All other results can be seen in appendix (C]).
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Figure 4.4: Statistics for simulations on the Normal dataset

We can see from figure that there can be large differences in the ob-
tained Fj-score between different simulations. This is displayed by the area
in between the red and blue dots. But we can still draw some conclusions on
our results. We see that the NSGA-II performs initially well on the data, be-
tween the initial generation and generation ¢ = 60 there are large jumps in
the Fi-score, hence the algorithm can rapidly improve the solutions. But af-
ter generation ¢ = 60 we see a stagnation in this rapid improvement and see
that the gap between the maximum and the minimum is closer than before
generation ¢ = 60. The overall F-scores still improves but the average F)-
score seems to converge. This can come from a number of reasons. Firstly,
we cannot improve due to the data set and we have already achieved con-
vergence to the pareto front. Secondly, the search space is exhausted due to
a lack of introducing new solutions to the population. Changing the muta-
tion probability or the stopping criteria might increase the search space such
that more solutions can be found. We also see that in the initial generations
(t = 0tot = 10), the average and the minimum Fj-score are close to each
other, while the maximum Fi-score is far above. This happened because in
one simulation the initial solution was extremely good compared to the other
simulations, and this is a consequence of the randomness in the construction
of generation F,.
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Figure 4.5: Statistics for simulations on the UC Irvine dataset

Just as with the Normal dataset, we can see from figure that there is

a big difference between the maximum and the minimum F}-score. Indi-
cated as the area between the red and blue dots. In contrast with the Nor-
mal dataset, we now see no big jumps in the Fj-score, except around gener-
ation ¢ = 60. This sudden increase in the average Fi-score is the result of
an coding error that caused the calculation of the performance to fail at this
generation, hence we should ignore the results of generation ¢ = 60 in this
figure. We only see that the average, the maximum and the minimum scores
increase gradually with no big improvements as we saw with the Normal
dataset. This can be caused by a number of things. Firstly, the search space
does not increase enough to find better solutions, so we need to increase the
mutation probability to allow for a larger solution space. One other reason is
that this dataset has 25 dimensions and there really is no good way to sepa-
rate these data points with the current setup of the algorithm, so a different
cross-over selection or stopping criteria has to be chosen. We also see that
the average stays nicely in between the middle of the minimum and the max-
imum Fi-score, which is different compared to the Normal dataset. There we
saw that the maximum and minimum form a hourglass around the average,
the difference between the maximum and minimum gradually decreases until
generation ¢t = 60, after which the difference increases again. But we did not
see that pattern with the UC Irvine dataset.
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Changing the mutation probability

Our current mutation probability is puutation = 0.3*%. But we want to change
this in order to see if we can increase the search space and obtain better re-
sults. Therefore we introduce the following mutation probability:

Pmutation = T * 1 , 1 €]0.3,0.8] (4.4)
We chose this because in order to increase the search space, we need to allow
for more mutations so the mutation probability has to increase. The muta-
tion probability still decreases as the number of iteration increases. We ran
multiple simulations to obtain the minimum, maximum and average perfor-
mance scores.

The same datasets are used as before, the normal and the UC Irvine with
training size of 3000 and validation size of 300. The stopping criteria is still
100 iterations. Because we now have three variables to display in the figures,
the iteration counter ¢, the mutation probability parameter r and the Fi-
score, we decided to only display the figures for a select number of iterations.
Namely iteration ¢ = 20, ¢ = 60 and ¢ = 100, in order to keep using 2D-
figures. Below are the figures for iteration ¢ = 100, the other results can be
seen in appendix ((C]).
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Figure 4.6: UC Irvine dataset at iteration ¢ = 100
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Figure 4.7: Normal dataset at iteration ¢ = 100

From the figures in appendix ((C]) we can conclude that the Fj-score for the
normal dataset and the UC Irvine dataset almost always drops for » > 0.7.
Which is something we did expect to happen. Since the mutation probabil-
ity is increasing in the value of r, so for large values of r an increase in the
mutation probability can drastically change almost all solutions in the cor-
responding iteration, since then almost all solutions get randomly changed,
even the best solutions of the iteration.

For the normal dataset, we see that changing the mutation probability does
not really effect the Fj-score in the final iteration. As can be seen in figure
, the minimum, the maximum and the average F}-scores stay the same
over all values of r. Hence changing the mutation probability to increase the
solution space did not work as intended to achieve a higher F}-score in the
final generation. So in order to increase the Fj-score, we must change other
parts of the algorithm, for example the stopping criteria or cross-over selec-
tion. It can also be the case that we already achieved the convergence to the
pareto optimal solutions, and hence we cannot improve the Fj-score.

For the UC Irvine dataset, we see that the value for r can drastically change
the Fi-score in the final generation. We see in figure that around r =
0.6 we obtain the highest average F}-score, so the change in mutation prob-
ability can increase the performance of the algorithm. But we also see that
the maximum and minimum Fj-score are lower than in the original r = 0.3
case. This means that the solutions at r = 0.6 are more consistent in perfor-
mance. From figure we see a strange pattern, for values of r > 0.55
we see that the difference between the maximum and minimum increases
rapidly, most likely due to the erratic behaviour of the randomness that
comes from a high mutation probability. Which is not something that we
want, we prefer consistent solutions both in the minimum and maximum
performance scores.
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Changing the stopping criteria

The current stopping criteria is that the NSGA-II algorithm stops after 100
iterations. We will now change this in order to test if we can increase the
performance of the algorithm. Therefore we will allow for the algorithm to

run longer, because it can happen that currently our algorithm just needs
more time to escape local optima and actually starts to increase the F}-

score. We will test the following maximum iterations on both datasets: 100,200
and 300 iterations.

The same datasets are used as before, the normal and the UC Irvine with
training size of 3000 and validation size of 300. Below are the figures for the
300 iterations, but they can also be used to see the performance at 100 and
200 iterations. Also the original mutation probability of puutation = 0.3 * % is
used.
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Figure 4.8: Statistics for simulations on the UC Irvine dataset

As we can see from figure (4.8]), after the 150-th iteration we no longer see
any improvements in the minimum, maximum or average Fj-score on the
UC Irvine dataset. This also means that the algorithm cannot obtain more
consistent solutions, as this would imply that the maximum and minimum
values would become closer to each other. As before, we see large jumps in
the performance in the early iterations that gradually stop the longer the al-
gorithm continues. So increasing the number of iterations does not work for
the UC Irvine dataset. This can happen because we already achieved con-
vergence to the optimal pareto front but more experimentation is needed to
conclude this. For example, changing the cross-over selection or changing
the stopping criteria to a target Fj-score instead of a constant value for the
iterations.
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Figure 4.9: Statistics for simulations on the Normal dataset

As we can see from figure ([4.9), that increasing the number of iterations
does improve the Fj-score of the algorithm. Just as before we see that the
algorithm makes large jumps in the Fj-score in the early iterations. Between
the 80th and 120th iteration we see little to no improvement, but after the
120th iteration see can again see big jumps in the performance. After the
200th iteration we see that the Fj-score stagnates but the maximum and
minimum Fj-score become closer to each other, hence we are able to obtain
more consistent solutions as a result of increasing the number of iterations.
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Chapter 5

Conclusion and Future Work

The main goal of this thesis was to find solutions to the support vector ma-
chine optimization problem where we have multiple conflicting objective
functions. In the first chapter we explained what a support vector machine
is and what its applications are. In the second chapter we showed how to de-
rive the SVM model, and in the third chapter we introduced a more complex
form of the SVM problem where we have multiple objective functions that
need to be minimized. We saw in chapter three that an algorithm to find
optimal solutions to a multi-objective problem should take two principles
into consideration, convergence to the pareto optimal front and maintain-
ing a diverse distribution on the pareto front. In chapter 4 we discussed the
NSGA-ITI algorithm, which can be used to solve optimization problems that
have multiple objective functions while also taking the two principles into
consideration. We talked about the choices we made for the algorithm and
what could happen if we would make different choices.

We then ran our experiment on the two datasets, the user generated Nor-
mal dataset and the UC Irvine dataset on credit card default payments. In
both cases we saw that our algorithm could improve the performance mea-
sure in the early iterations, but the improvement would gradually stop at
the end of the simulations. This could have a few causes, firstly the simu-
lation stopped too early, secondly the search space of the algorithm is not
sufficiently large enough to find better solutions and thirdly the algorithm
has already reached convergence to the pareto optimal solutions. The best
case scenario would be if we had already convergence to the pareto optimal
solutions, but in order to test this we need to perform sensitivity analysis on
the parameters and choices that we made for the algorithm in chapter three.
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First we changed the mutation probability of the algorithm, because this
probability has in general a large impact on the amount of new solutions
that are introduced to our search space. For the Normal dataset we saw that
changing the mutation probability did not effect the performance measure

of the algorithm. But for the UC Irvine dataset we saw that changing the
mutation probability did lead to better results, unless this probability was
close too high.

We also changed the stopping criteria of the algorithm, but we only increased
the amount of iterations that the algorithm would run. Here we saw that in-
creasing the number of iterations did not increase the performance measure
of the UC' Irvine dataset, but for the Normal dataset it had a large impact
on the performance of the algorithm. So by increasing the number of itera-
tion we could expand the solution space such that we obtained better results
for the Normal dataset.

The overall conclusion of the performance of the implemented NSGA-II al-
gorithm is that it is possible to obtain good results from an implementation
of GA. However the results strongly depend on the dataset that is used and
requires more analysis on the algorithm choices, which we did only for the
mutation probability and a simple stopping criteria. With the obtained re-
sults we cannot say for certain that the achieved solutions are really on the
true Pareto Front or if the algorithm can still improve the solutions by look-
ing at different solution spaces.

Due to the very long runtime of the implemented NSGA-II algorithm, we
were not able to test more of our algorithm choices. For example, the stop-
ping criteria of a constant number of iterations is not good, ideally we would
like to have a target performance level as the stopping criteria, but this could
be something for future works. Another thing that could be implemented in
future works is Multi threading, this could significantly lower the runtime by
performing calculations in parallel on different CPU threads. For example
splitting the population in two subsets and performing the cross-over and
mutation operations on both subsets simultaneously.
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Appendix A

Dual Formulation of SVM

We will use the dual formulation of the SVM problem in the algorithm that
is discussed in chapter 4, since it is more convenient than the primal formu-

lation (Deb, [2001]).
The lagrange function for the SVM is

Lw, b0, 0) = Sl =3 adlys (e +5) — 1+ Mos] = 3 gty (A1)

Where 9 is the 0-1 loss function defined in ([3.5))

The first order conditions are:

ijzw—;aiyﬂizo - wzzi:@z‘yixi
(flé:_zaiyizo — > aiy; =0
dL

= TR Em =0 = =3

)

Substituting these results back into the lagrange function results in

1
L(a) = Z oy — B Z Z Oéi@jyiij;rl'j

L

Where «; is the Lagrange multiplier for data point :.
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Now the model becomes

1
min > i — 5 D> gyl (A.6)
5 i g
0<a; <A Vi (A.8)

Now the following holds for every data point i:
e a; =0 = the data point 7 is on the correct side of the hyperplane
e 0 <a; < A\ = the data point i is a support vector
e a; = A\ = the data point 7 is on the wrong side of the hyperplane

Hence to compute the number of miss classified points, we need to look at
the data points which have a lagrange multiplier equal to A\. To compute the

margin, we can use equation (A.2)).

A.1 Kernels

Looking at the dual formulation (A.6) we can see that the objective function
now depends on the dot product between each pair of data points z; and z;.
We can use kernels to transform this product to a space that might be more
convenient, for example, resulting in a better decision boundary that sepa-
rates the data and obtain a lower objective value (Thurnhofer-Hemsi, Lépez-
Rubio, Molina-Cabello, & Najarian, [2020). This transformation is denoted
by K(z;,z;).

We will be using the RBF kernel:
K (w;,2;) = el (A.9)

With k as the parameter that controls the width of the kernel function. The
RBF kernel is a very general form for the kernelization of the SVM problem
and is very popular in SVM applications (Thurnhofer-Hemsi et al., 2020).
Now the model becomes

1
min > ;- 3 SN asoyyiy K (2, ;) (A.10)
i i
s.t. Z a;y; =0 Vi (A.11)
0<a; <\ Vi (A.12)
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Appendix B

Algorithms

B.1 Non-dominated sorting

Algorithm 1 set counters & lists

1: Input

2: all solutions of the current iteration

3: Output

4: dc; number of solutions that dominate solution %
5: dl; the solutions that are dominated by solution ¢
6: for solution k£ =1,2,...200 do

7 dck:()

8: dly= empty list

9: for solution [ = 1,2,...200 do

10: if k =1 then

11: it fi(k) < fi(l) and f2(k) < fo(l) then

12: dcp = dcg, + 1

13: dl;, add solution [

14: end if

15: end if

16: end for

17: end for

Explanation of the code

For every solution ¢ we set the dc; and dl; to zero. Then we loop over all
other solutions k and see if the objectives for solution ¢ are better ( lower )
than for solution k. If this is true then we say that solution ¢+ dominates so-
lution 5 and we increase dc, with one. We also add solution k£ to the list dl;
of solution 1.
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Algorithm 2 non-dominated sorting

1: Input

2: dc; number of solutions that dominate solution 7
3: dl; the solutions that are dominated by solution
4: Output

5: all groups that are non-empty

6: put all solutions with dc;= 0 in group 1

7: for group k =2,3,... do

8: for solution i in group (k — 1) do

9: for solution [ in dl; do

10: dep =de -1

11: end for

12: end for

13: for solution [ =1,2,...,200 do

14: if dc;=0 and not group 1,...,(k —1) then
15: add solution [ to group k

16: end if

17: end for

18: terminate if all solutions are inside a group

19: end for

Explanation of the code

The idea is to put solution in groups. The first group we create by putting
all solutions that are not dominated by any other solution, hence put all so-
lutions 7 that have dc; = 0 in group F;. We then perform a loop that stops
if all solutions are inside a group. In every loop we make a new group Fj.
First we need to loop over all solutions that are inside group Fj_1, and for
these solutions ¢ we loop over their list dl;, for every solution [ that is in-
side this list dl;, we decrease that counter dc; with one. Because we now

no longer look at solutions in previous groups, so the solutions in previous
groups do no longer dominate the other solutions. After we have looped
over all solutions in group Fj_; we can start to fill group Fj. We do this by
putting all solutions [ that have dc¢; = 0 in group Fj. Then we repeat this
cycle until all solutions are inside a group.
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B.2 Crowding Distance Sorting

Algorithm 3 Crowding distance sorting

1: Input

2: all non-empty groups from algorithm 2
3: Output

4: dis; the crowding distance of solution ¢

5: Set dis;=0 for all 4

6: for group k=1,2,... do

7: for objective function f=1,2 do

8: sort group k from lowest f(7) to highest f ()

9: Let f,, denote the minimum value of the group k w.r.t objective f
10: which corresponds to solution im

11: Let f, denote the maximum value of the group k w.r.t objective f
12: which corresponds to solution b

13: disiy, = Inf

14: distancey, = Inf

15: for all other solutions in group k do

16: dis; = dis; + %

17: end for "

18: end for

19: end for

Explanation of the code

We set the crowding distance dis; = 0 for all solutions Then we loop over
all the groups, starting with F). For these groups we also loop over every
objective function. For each objective function we sort all the solutions from
lowest to highest. The value of these solutions represents the position in the
objective space and we want to try to calculate the distance a solution has
relative to its neighbors. We saw that the solutions which have the highest
and lowest objective value do not have two valid neighbors, so their crowding
distance is set to Infinity. For all other solutions we calculate the crowding
distance by applying the formula that is in line 16.
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Appendix C

Extra Tables & Figures

| Data Set | size | validation size | iterations | Fi-score | runtime (seconds) | figure |

Normal 400 40 100 0.759 103 C.1
Normal 1000 100 100 0.763 264 C.2
Normal | 3000 300 100 0.589 591 C.3
Normal | 3000 300 100 0.619 622 C4
Normal | 3000 300 100 0.632 579 C.5
Normal | 3000 300 100 0.684 612 C.6
UC Irvine | 3000 300 100 0.388 1437 C.7
UC Irvine | 3000 300 100 0.448 1368 C.8
UC Irvine | 3000 300 100 0.492 1473 C.9
UC Irvine | 3000 300 100 0.514 1410 C.10
UC Irvine | 3000 300 100 multiple runs C.11
Normal | 3000 300 100 multiple runs C.12
UC Irvine | 3000 300 Prmutation = T * % at t =20 C.13
UC Irvine | 3000 300 Pmutation = T * % at t = 60 C.14
UC Irvine | 3000 300 Pmutation = T * % at t =100 C.15
Normal | 3000 300 Pmutation = T * % at t = 20 C.16
Normal | 3000 300 Pmutation = T * % at t = 60 C.17
Normal | 3000 300 Prutation = I * + at t = 100 C.18
UC Irvine | 3000 300 300 multiple runs C.19
Normal | 3000 300 300 multiple runs C.20

Table C.1: Results of NSGA-II
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Figure C.1: Normal with 400 samples
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Figure C.2: Normal with 1000 samples
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Figure C.3: Normal with 3000 samples
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Figure C.4: Normal with 3000 samples
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Figure C.5: Normal with 3000 samples
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Figure C.6: Normal with 3000 samples

45



Fi-score

Fi-score

0.7

0.6 - .

0.4

02 | | | |

generation ¢

Figure C.7: UC Irvine with 3000 samples
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Figure C.8: UC Irvine with 3000 samples
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Figure C.9: UC Irvine with 3000 samples
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Figure C.10: UC Irvine with 3000 samples
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Figure C.11: Statistics for simulations on the UC Irvine dataset
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Figure C.12: Statistics for simulations on the Normal dataset
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Figure C.13: UC Irvine 3000 dataset at iteration ¢ = 20
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Figure C.14: UC Irvine 3000 dataset at iteration ¢ = 60

e Minimum Fj-score
e Maximum F-score
Average Fi-score

r

| | | | | |
02 03 04 05 06 07 08 09

Figure C.15: UC Irvine 3000 dataset at iteration ¢ = 100
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Figure C.16: Normal 3000 dataset at iteration ¢t = 20
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Figure C.17: Normal 3000 dataset at iteration ¢ = 60
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Figure C.18: Normal 3000 dataset at iteration ¢ = 100
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Figure C.19: Statistics for simulations on the UC Irvine dataset
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Figure C.20: Statistics for simulations on the Normal dataset
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